Introduction {#Sec1}
============

The Four Color Theorem \[[@CR1], [@CR2]\] asserts that every graph that is embeddable in the plane has chromatic number at most four. This question has been one of the driving forces in Discrete Mathematics and its theme has inspired many variations. For example, the chromatic number of graphs that are embedabble into a surface of fixed genus has been intensively studied by Heawood \[[@CR17]\], Ringel and Youngs \[[@CR24]\], and many others.
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As a consequence, we now focus our attention on hypergraphs, which are in general not embeddable into any specific dimension. Some properties of these hypergraphs (or more generally simplicial complexes) have been investigated (see e. g. \[[@CR10], [@CR11], [@CR19], [@CR20], [@CR27], [@CR31]\]), but to our surprise, we have not been able to find any previously established results which bound their chromatic number. However, Grünbaum and Sarkaria (see \[[@CR15], [@CR26]\]) have considered a different generalization of graph colorings to simplicial complexes by coloring faces. They also bound this face-chromatic number subject to embeddability constraints.

Before we can state our main results, we quickly recall and introduce some useful notation. We say that $\documentclass[12pt]{minimal}
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We next define what we mean when we say that a hypergraph is embeddable into $\documentclass[12pt]{minimal}
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**Definition 1** {#d30e1364}
----------------

(*d-Embeddings*) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H$$\end{document}$ be a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$-uniform hypergraph and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\in \mathbb {N}$$\end{document}$. A (linear) *embedding* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H$$\end{document}$ into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^d$$\end{document}$ is a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi :V(H)\rightarrow \mathbb {R}^d$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi (A)$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A\subseteq V(H)$$\end{document}$ is to be interpreted pointwise, such that$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dim {{\mathrm{aff}}}\varphi (e)=k-1$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e\in E(H)$$\end{document}$ and$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathrm{conv}}}\varphi (e_1)\cap {{\mathrm{conv}}}\varphi (e_2)={{\mathrm{conv}}}\varphi \left( e_1\cap e_2\right) $$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_1, e_2\in E(H)$$\end{document}$.

The first property is needed to exclude functions mapping the vertices of one edge to affinely non-independent points. The second guarantees that the embedded edges only intersect in the convex hull of their common vertices. Note that the inclusion from left to right always holds. A $\documentclass[12pt]{minimal}
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One can easily see that our definition of 2-embeddability coincides with the classical concept of planarity \[[@CR12]\]. Note that in general there are several other notions of embeddability. The most popular thereof are piecewise linear embeddings and general topological embeddings. A short and comprehensive introduction is given in Sect. [1](#Sec1){ref-type="sec"} in \[[@CR19]\]. Furthermore, there exist some quite different concepts of generalizing embeddability for hypergraphs in the literature, for example *hypergraph imbeddings* \[[@CR32], Chap. 13\].

We have decided to focus on linear embeddings, as they lead to a very accessible type of geometry and, at least in theory, the decision problem of whether a given $\documentclass[12pt]{minimal}
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We can now give a summary of our main results in Tables [1](#Tab1){ref-type="table"} and [2](#Tab2){ref-type="table"}, which contain upper or lower bounds for the maximum weak chromatic number of a $\documentclass[12pt]{minimal}
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Considering the strong chromatic number, the question whether embeddability restricts the number of colors needed can be answered negatively by the following observation.
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Embeddability {#Sec2}
=============
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Note that it is quite plausible that a version of Lemma 4 for linear or general embeddings does not hold. Part (a) of the following result has previously been established by Dey and Pach for linear embeddings \[[@CR8], Theorem 3.1\].
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**Corollary 6** {#d30e8140}
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*Proof* {#d30e8274}
-------

This follows from Lemma 5, since every edge has exactly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$ vertices and each of them has degree at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{6n^{k-2}-12n^{k-3}}{(k-1)!}$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e$$\end{document}$ itself counts for the degree as well, one can subtract $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We need to bound the number of edges in a $\documentclass[12pt]{minimal}
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**Proposition 7** {#d30e8386}
-----------------
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**Corollary 8** {#d30e8498}
---------------
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*Proof* {#d30e8641}
-------
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**Corollary 9** {#d30e8656}
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*Proof* {#d30e8815}
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**Theorem 10** {#d30e8830}
--------------

(Dey and Pach \[[@CR8], Theorem 2.1\]) Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 2$$\end{document}$. For a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$-uniform hypergraph on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$ vertices that is *linearly* embedabble into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^{k-1}$$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|E(H)|< kn^{\lceil (k-1)/2\rceil }$$\end{document}$.

**Corollary 11** {#d30e8946}
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*Proof* {#d30e9062}
-------
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In order to find lower bounds for the chromatic number of hypergraphs later on, we need to be able to prove embeddability. The following theorem from Shephard will turn out to be very useful when embedding vertices of a hypergraph on the moment curve.

**Theorem 12** {#d30e9080}
--------------
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Shephard's Theorem thus says that the absolute position of points on the moment curve is irrelevant and only their relative order is important. Furthermore, note that all points in $\documentclass[12pt]{minimal}
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----------------
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*Proof* {#d30e9727}
-------
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**Proposition 14** {#d30e9798}
------------------
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*Proof* {#d30e9873}
-------
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**Lemma 15** {#d30e9952}
------------
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*Proof* {#d30e10272}
-------

Note that the relative order of edges with two common vertices is irrelevant as they always intersect according to Definition 1. Configurations 1--11 follow directly from Corollary 13 for $\documentclass[12pt]{minimal}
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Note that if we have two edges with vertices on the moment curve as in Configurations 13--16 they generally *do* intersect in a way forbidden by Definition 1. Also, we have presented above all possible cases for the relative order of vertices of two edges on the moment curve. Not all of them will actually be needed in the proofs of the next section.

Bounding the Weak Chromatic Number {#Sec3}
==================================
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**Proposition 17** {#d30e11341}
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**Theorem 19** {#d30e12475}
--------------
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**Theorem 20** {#d30e12755}
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*Proof* {#d30e12945}
-------
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By monotonicity, the upper bounds presented here also hold if the uniformity of the hypergraph is larger than stated in Theorems 18 and 19. In the remaining part of this section, we now consider lower bounds for the weak chromatic number of hypergraphs.
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Note that there is one small exception to Case 3 when $\documentclass[12pt]{minimal}
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Table 6All possible 4-uniform extensions of Case 12 in Table [3](#Tab3){ref-type="table"} as occurring in the construction of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \chi _{2d-2,d}^\mathsf{w }(n)=\Omega \big (\frac{\log n}{\log \log n}\big ) \end{aligned}$$\end{document}$$holds.

Conclusions and Open Questions {#Sec4}
==============================

Starting from the Four Color Theorem we have shown that it has no direct analogon for higher dimensions in general. Rather, in almost all cases, the number of colors needed to color a hypergraph embedabble in a certain dimension is unbounded. However, some questions still need to be answered.

Firstly, it would be very interesting to see whether the logarithmic-polynomial difference between lower and upper bounds for the weak coloring case can be improved substantially. If the conjectures by Gundert and Kalai mentioned in Sect. [2](#Sec2){ref-type="sec"} were true, the upper bound for weak colorings could be lowered as follows.

**Conjecture 23** {#d30e19133}
-----------------
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Further, in the weak coloring case, for $\documentclass[12pt]{minimal}
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                \begin{document}$$k=d+1$$\end{document}$ no examples with an unbounded number of colors needed have yet been found and a finite bound is still possible. Also, the question whether the maximum chromatic number for some fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ actually differs for linear and piecewise linear embeddings, remains an open problem.
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